In this paper, we define a new type of ruled surface called C − ruled surface by using the alternative frame of a base curve. Then, we study its differential geometric properties such as striction line, distribution parameter, fundamental forms, Gaussian and mean curvatures. Moreover, we find geodesic curvatures, normal curvatures, and geodesic torsions of the base curve and the striction line of the new ruled surface. Finally, we give two related examples.
Introduction
Ruled surfaces, investigated by Gaspard Monge, are generated by the motion of a straight line along a curve called base curve in space. Despite being studied for many years, ruled surfaces are still one of the most interesting topics of differential geometry. Because of the simple structure of ruled surfaces among all surfaces, they are used in a variety of application areas including computer aided geometric design, geometric modeling, civil engineering, architecture and solid modeling [1, 2, 3, 6, 10] .
The idea to correlate the straight lines called rulings which generate the ruled surface and the base curve is based on tangent surfaces. Tangent surfaces are surfaces generated by tangent vectors of a curve [13] . The study of its differential geometric properties is interesting and important in differential geometry of surfaces. Afterwards, by using the other Frenet vectors of a curve, principal normal surfaces and binormal surfaces were defined and investigated [8, 16] . Then, the method was applied for Bishop frame, type-2 Bishop frame, and rotation minimizing frame of the base curve [4, 9, 11, 12] . Thus, several special ruled surfaces were defined, and their differential geometric properties were investigated. Moreover, these special ruled surfaces were studied not only in Euclidean space but also in Minkowski space [7, 17] . orthonormal vectors: the principal normal vector, the derivative of principal normal vector, and the Darboux vector denoted by N , C , and W , respectively. By using the alternative moving frame of a base curve, some new special ruled surfaces can be obtained. The ruled surfaces generated by principal normal vectors N and Darboux vectors W have already been examined by using Frenet frame [8] . Although these surfaces can be studied by using alternative moving frame which may be an original study, they are excluded from the scope of the present paper.
In this paper, we first give some geometric interpretations of curvatures in terms of alternative moving frame in Preliminaries section. Then we define a completely new and original ruled surface called C − ruled surface generated by the vectors C of the alternative moving frame of the base curve. We study the differential geometric properties such as striction line, distribution parameter, fundamental forms, Gaussian and mean curvatures of the C − ruled surface. Also, we find the geodesic curvature, normal curvature, and geodesic torsion of the base curve and the striction line of the surface. Finally, we give two examples of C − ruled surfaces and investigate the differential geometric properties of them.
Preliminaries
In this section, we give some basic well-known concepts of a curve and a ruled surface in Euclidean 3-space. We also give some relations between Frenet frame and alternative moving frame of a curve and expose some geometric interpretations of curvatures in terms of alternative moving frame. 
where the prime indicates the derivative with respect to s , T is unit tangent vector field, N is unit principal normal vector field, B is unit binormal vector field, T κ ′ = is called curvature.
The Frenet derivative formulae can also be given as
is called torsion [14] . As geometric interpretations of curvature and torsion, it can be pointed out that the curvature κ measures the amount of deviation of the curve from the tangent line and the torsion τ measures the amount of deviation of the curve from the osculating plane spanned by the vectors T and N . If 0 κ = (resp. 0 τ = ), then the curve α is a straight line (resp. a planar curve) [5, 13] . If the ratio of the non-zero torsion to the non-zero curvature is constant, that is, ( ) s c τ κ = , where c is a constant, then α is called helix [14] . [15] . The derivative formulas of the alternative moving frame can be given as
where the prime indicates the derivative with respect to s which is the arc-length parameter of the curve α , f and g are curvatures of the curve α in terms of alternative moving frame [15] .
f and g can be called first and second alternative curvatures of alternative moving frame, respectively. They can be expressed in terms of the curvatures of Frenet frame as [15] ∫ . Now we give some differential geometric properties of ruled surfaces.
A ruled surface S is a surface generated by a line L moving in space. Let ( ) s α be a regular curve in Euclidean 3-space and ( ) X s be a direction vector of the line L . The parametric representation of the ruled surface S can be given as
where ( ) s α is called the base curve or the directrix and ( ) X s which are various positions of the line L are called rulings [13] . The striction line and the distribution parameter of the ruled surface S can be given as
where T is unit tangent vector field of the base curve α [5, 13] . where s ϕ and v ϕ are partial derivatives of ϕ with respect to s and v , respectively.
The first fundamental form of a surface can be given as [14] 2 2
(2.7)
The second fundamental form of a surface can be given as [14] 2 2
The Gaussian and mean curvatures of a surface can be given by
respectively. A surface is minimal if and only if its mean curvature vanishes, i.e., 0 H = [14] .
Let β be a regular curve lying on a surface. The geodesic curvature, the normal curvature and the geodesic torsion of the curve β can be given as 3. The differential geometry of C − ruled surfaces
In this section, we define C − ruled surface and examine its differential geometric properties.
Let α be a curve in Euclidean space, { , , } N C W and { , } f g denote alternative moving frame and alternative curvatures, respectively. A C − ruled surface whose base curve is α can be defined as follows.
Definition 3.1. Let α be a curve except a straight line in Euclidean 3-space. The C − ruled surface can be given by the following parameterization as
where C is the unit vector of alternative moving frame of α . Proof. By using Eq. (2.1) and Lemma 2.4, the partial derivatives of the C − ruled surface with respect to s and v can be obtained as follows
(3 
Theorem 3.6. The second fundamental form of a C − ruled surface can be given as 2 Since we have the coefficients , , , , , E F G L M N , we can give the Gaussian and mean curvatures of a C − ruled surface by using Eqs. (2.9). 
2

II Lds
respectively.
By using Corollary (3.7), we can give the following corollary. 
Proof. The surface normal along the base curve α of the ruled surface S can be obtained as n N α = − . By using Eqs. (2.10) and Lemma 2.4, the curvatures of the base curve can be calculated directly.
From Theorem 3.10, we can give the following corollary. 
Examples
In this section, we give two examples of C − ruled surfaces and obtain their differential geometric properties. 
The C − ruled surface whose base curve is ( ) 2), the base curve of the C − ruled surface is also the striction line. By using Eq. (3.3), the distribution parameter of the C − ruled surface can be obtained as 1 P = . Since 0, P ≠ the C − ruled surface is not a developable surface. The first-order partial derivatives of ( , )
s v ϕ can be found as 
Thus, the first fundamental form of the C − ruled surface can be written as Thus, the second fundamental form of the C − ruled surface can be written as respectively. From Corollary 3.11, the base curve is both a geodesic curve and a principal line, but not an asymptotic line. . Since 0 P ≠ , the C − ruled surface is not developable. By finding the first-order partial derivatives of ( , )
s v ϕ and using Theorem 3.5, the coefficients of first fundamental form can be obtained as
Thus, the first fundamental form of the C − ruled surface can be written as ( ) By finding the second-order partial derivatives of ( , ) s v ϕ and using Theorem 3.6, the coefficients of second fundamental form can be obtained as 2 2 cos (sin ) Thus, the second fundamental form of the C − ruled surface can be written as 
